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The skin effect, which is unique to non-Hermitian systems, can generate an extensive number
of eigenstates localized near the boundary in an open geometry. Here we propose that in 2D and
3D other quantities besides charge density are susceptible to the skin effect. We show that 2D
and 3D models that are a hybrid between topological insulators and skin-effect systems can have a
topological skin effect where an extensive number of topological modes, and the corresponding bulk
topological invariant, are pinned to the surface. A key example, which we call the quantum skin
Hall effect is constructed from layers of Chern insulators and exhibits an extensive Hall conductance
and number of chiral modes bound to surfaces normal to the stack of layers. The same procedure
is further extended to other symmetry classes to illustrate that a variety of 1D and 2D topological
invariants (Z or Z2) are subject to the skin effect. Indeed, we also propose a hybrid 2D system
that exhibits an extensive number of topological corner modes and may be more easily realized in
meta-material experiments.
The discovery of the skin effect[1–12] is a striking
confirmation of the unusual character of non-Hermitian
(NH) systems[13–15]. The conventional NH skin effect
manifests in a macroscopic number of modes localized
on the boundary of a system. In this article we pro-
pose a 3D quantum skin Hall effect where, instead of
an extensive number of localized skin modes, we observe
an extensive quantized Hall conductance pinned to the
surface. Our effect can be generalized to show that a
3D system can exhibit a type of topological skin effect
where an extensive amount of a variety of 2D topological
invariants, and their associated edge states, can be local-
ized on the boundary. Since the NH skin effect has been
successfully observed in mechanical[6, 8, 9], optical[10],
and electronic systems[7, 11], we expect our results may
be experimentally realized imminently.
Recently there have been a number of investigations
into the topological properties of NH systems, both
theoretically[1–5, 12, 16–33] and experimentally[6–11,
34–38]. Indeed, non-Hermiticity can be realized in var-
ious physical contexts: open systems[39, 40], optics[41–
44], quantum critical phenomena[45–47], and disordered
or correlated systems[19, 48, 49]. Despite intense effort,
integrating non-Hermiticity and topology has proved
challenging, and many open questions remain. The key
difficulty arises because of the dichotomy in the bulk-
boundary correspondence. On one hand, the celebrated
deterministic connection between bulk topological invari-
ants and robust boundary modes is the cornerstone of
topological insulator phenomena[50, 51]. On the other
hand, NH systems have an extreme sensitivity to bound-
ary conditions such that most bulk properties in peri-
odic boundary conditions (PBC) have no bearing on the
phenomenology of systems with a boundary (OBC). The
NH skin effect is the paradigm example of the boundary-
condition sensitivity.
Here we take a hybrid approach to combining non-
Hermiticity and topology. We consider 2D/3D systems
built from layers of 1D/2D topological insulators that
have non-Hermitian coupling between layers. In the Her-
mitian limit these systems will exhibit a conventional
bulk-boundary correspondence where the boundaries of
the layers will exhibit topological modes that can hy-
bridize and spread across the side surfaces[52]. Once non-
Hermiticity is added, these topological boundary modes
will experience a NH skin effect in the transverse direc-
tion that will pin all of the modes on the top and/or bot-
tom surfaces. As we will see, when the 2D layer is a Chern
insulator this effect will generate an extensive number
of chiral edge modes trapped at the top or bottom of
a sample, and an associated extensive, quantized Hall
conductance. This construction can be generalized to
other symmetry classes as well, e.g., time-reversal invari-
ant(TRI) systems built from layers having a non-trivial
Z2 invariant.
We begin by reviewing the translationally invariant 1D
Hatano-Nelson (HN) model[53, 54] (illustrated in Fig.
1(a)). The HN model is a 1D single-band tight-binding
model where non-Hermiticity is introduced via unequal
hopping amplitudes in the left and right directions:
HHN :=
∑
i
t+cˆ
†
i+1cˆi + t−cˆ
†
i cˆi+1, (1)
where t± = t ± g, t > g, and g ∈ R. For PBC the
Bloch Hamiltonian is HHN (k) = t+e
ik + t−e−ik, which,
for any g 6= 0, has a complex spectrum in the shape of
an ellipse that encloses the origin of the complex energy
plane (shown in Fig. 1(b)).
A key development of the NH bulk-boundary corre-
spondence is that the winding number W (E) of the PBC
spectrum around a complex energy E characterizes a so-
called ‘point-gap topology.’ If W (E) is non-vanishing it
signals the existence of the NH skin effect in OBC[2, 3].
The winding number is unique to NH systems, as the
spectrum of any Hermitian system lies completely on the
real axis, making W (E) ill-defined. Specifically for the
HN model, for any E ∈ C inside PBC spectral ellipse,
the winding number is W (E) = sgn(g). We see that for
W (E) to change its value g has to change its sign, during
which the system will pass through the Hermitian limit
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FIG. 1: (a) The Hatano-Nelson tight-binding model.
(b) PBC bulk spectrum (black loop) and OBC
spectrum(red dotted line) on the complex-energy plane,
illustrating the high sensitivity of the system to its
boundary conditions. (c) Spatial profile of all
eigenstates vs lattice site index x in the OBC spectrum,
showing the NH skin effect. Parameters: t = 1,
g = −0.1.
such that the point gap closes. The sign of W (E) in-
dicates the side on which the skin modes are localized.
Heuristically, if the sign of g is chosen to be negative,
the hopping from right to left dominates and states flow
to the left, and vice-versa. As depicted in Fig. 1(c), for
g < 0 every state in the OBC spectrum has its weight
exponentially localized on the left half of the chain with
a decay length controlled by the parameter t−/t+.
Having seen that the NH skin effect generates an ex-
tensive charge/mode density on the surface, it begs the
question about what other physical quantities might be
susceptible to a skin effect. Our approach to answering
this question can be illustrated with a simple example.
Suppose we have a stack of decoupled 2D topological
insulator layers, all having a non-trivial topological in-
variant and associated edge states. If we couple them
in the stacking direction then, in the order of increas-
ing inter-layer (Hermitian) coupling, we might arrive at
a weak topological insulator(WTI)[52, 55], a topological
semi-metal[56, 57], or a trivial insulator. However, if we
modify the inter-layer coupling using the HN model as
a guide, we might expect that the extensive number of
topological edge states, and the associated bulk topolog-
ical phenomena, might be pushed to the top or bottom
of the stack in a new type of NH skin effect.
To illustrate how we achieve this effect we will use
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FIG. 2: (a) Complex energy spectrum with PBC in z,
and OBC in x, y. (b) Zoom in on the boundary state
region from (a) in red box. Blue stars have t = g = 0,
red lines have t 6= 0, g = 0, and black lines have t, g 6= 0.
(c,d,e) sum of probability densities of the negative
Re(E) boundary states for (c)g = 0, (d) g > 0, and
(e)g < 0.
a few examples, the first being a Chern insulator. We
choose a simple two-band model for the 2D Chern insu-
lator layer[58] having the Bloch Hamiltonian
HCh(k) = h(k) · σ (2)
where
h(k) =
(
λsinkx, λsinky, m+ λ
∑
j=x,y
(1− coskj)
)
, (3)
and σ are the Pauli matrices for spin. We couple layers
in the z-direction using the NH terms
Hlayer =
∑
α=↑,↓
∑
kx,ky,z
[
(t+ g)cˆ†α(kx, ky, z + 1)cˆα(kx, ky, z)
+ (t− g)cˆ†α(kx, ky, z)cˆα(kx, ky, z + 1)
]
,
(4)
to end up with the full 3D Bloch Hamiltonian:
H3D(k) = (kz)I2×2 + h(k) · σ, (5)
where (kz) = 2(t coskz + igsinkz) = t+e
ikz + t−e−ikz .
Now let us consider the properties of this model.
The bulk energy bands in PBC are given by E±(k) =
(kz) ± |h(k)|. In the Hermitian limit (g = 0), as we
gradually turn on t when λ = 1, 2 < m < 4, the bulk is
gapped, and all the topological edge states initially local-
ized on the edges of each decoupled layer will hybridize
with each other and spread across the side surfaces. In
Fig. 2b we zoom in to show the spectrum of the edge
states (PBC in z, open in x, y) in the decoupled (blue
stars) and weakly-coupled cases (red dots), and show the
clearly uniform distribution of the edge states on a yz
surface plane in Fig. 2c. As long as the amplitude of
t is not large enough to close the bulk gap, the total
number of edge state branches on each surface remains
3unchanged, i.e., remains equal to the number of z-layers,
and the system is a 3D weak topological Chern insula-
tor. While this is the regime on which we will focus, the
intermediate coupling regime when t is stronger would
result in a Weyl semimetal phase that would also be very
interesting to consider in future work.
Now let us consider tuning away from the Hermitian
limit. Because of the NH skin effect we must be care-
ful to study the properties of this system using various
combinations of boundary conditions: (i) all directions
periodic, (ii) z-periodic while one or both of x, y open,
(iii) z-open while one or both of x, y open. Since the non-
Hermiticity in the Bloch Hamiltonian is proportional to
the identity matrix, the eigenstates for a periodic system
in z are the same for all values of t, g. Hence, for case
(i) we simply find a spectrum for the energy bands given
in Eq. 5. For case (ii) we find that the edge state sub-
bands that were broadened along the real energy axis by
t will each form complex energy ellipses as shown in Fig.
2a,b. Each ellipse has a non-trivial NH winding number
around the region of real energies that were spanned in
the g = 0 limit. Since z is periodic, the system retains its
usual topological bulk-boundary correspondence yielding
edge states distributed uniformly over the side surfaces,
however because of the spectral winding we now know
to expect a skin effect for all of the energy states in the
spectrum. Indeed, for case (iii), where we expect to see
strong effects of the non-Hermiticity, we find that the
spectrum is real, and all the edge states are affected by
a skin effect and therefore are exponentially localized on
the top (bottom) surface for g > 0 (g < 0), as depicted in
Fig. 2d,e. This is in sharp contrast to the uniform distri-
bution of the edge states in the Hermitian case shown in
Fig. 2c (note the difference of scale in the weight between
Fig. 2d,e and 2c).
In addition to characterizing the spectral features of
our model, we will now identify a bulk manifestation
of a quantum skin Hall effect via a Laughlin gauge
argument[59]. To probe the quantum Hall effect we
will consider a system having open boundary conditions
in x, z, but periodic in y. Hence we will thread a flux
quantum in the periodic cycle in the y-direction. Ex-
plicitly, we numerically evaluate the spatially resolved
charge density as a function of flux Φ = h2pieθ, θ ∈ [0, 2pi],
and then extract the amount of charge pumped in the
x-direction as a function of flux in the y-direction (this is
equivalent to applying an electric field in the y-direction
and measuring the Hall effect through a current in the
x-direction). For a system with Nz = 20 Chern insu-
lator layers we find that the total charge transferred to
the right side of the system when a single flux quantum
is inserted is |∆QR| = 20 up to finite-size effects which
introduce about a 2% error (see Fig. 3a). The crucial fea-
ture of the quantum skin Hall effect is how this charge
transfer is distributed among the layers, as we show in
Fig. 3b,c. Indeed, Fig. 3b shows that the amount of
charge transferred from one side of the system to the
other is exponentially localized near the bottom or top
0 2190
200
210
1 10 20
0
4
8QR
Pumping Parameter(θ)
ΔQ
Layer
Pumping Parameter(θ)
Layer
QR
(a) (b)
(c)
FIG. 3: (a) Total charge on the right half of the system
(positive x-direction) as a function of charge pumping
parameter θ (i.e., the flux threaded in the y-direction)
for twenty Chern insulator layers. (b) Amount of charge
pumped on each layer after one cycle. (c) Total chage
on the right half of the system resolved vs. layer. Note
that the total charge is exponentially localized on one
surface, and the variation of charge as a function of θ is
strongest on that surface and decays away.
surface depending on the sign of g. Additionally, Fig. 3c
shows the total charge on each layer as a function of θ.
In this figure we can see an exponential localization of
the total background charge in z, which represents the
usual NH skin effect. Crucially, we also see that the flow
of charge due to the quantum Hall effect, represented by
the variation of the charge on top of the background, is
also strongly layer dependent and dies out exponentially
quickly as one moves away from the surface harboring
the skin effect. The conclusion from the calculations in
Figs. 2,3, is that that an extensive number of chiral edge
states, and the associated Hall conductance, are localized
on the top or bottom surface.
We expect our results to be generalizable to coupled
layers of any type of topological system. For example,
any topological insulator in 1D/2D that is layered into
2D/3D, and has a Hatano-Nelson coupling between the
layers, should exhibit a hybrid bulk-boundary correspon-
dence where topological modes are pushed to the trans-
verse boundary via a NH skin effect. In the Chern in-
sulator case we have seen that chiral edge states pile up
on the top or bottom, and since they are Z classified we
expect them to be stable as long as the bulk gap does not
close. However, a possible complication may arise if the
boundary states are Z2 classified, e.g., the helical edge
modes on a quantum spin Hall(QSH) insulator or the 0D
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FIG. 4: (a)Schematic illustration of a Z2 bi-directional
skin effect model built from bi-layers with opposite
Chern-number (b) the probability density of the
negative energy boundary states at a fixed value of ky
for OBC in x, z and PBC in y. The subspace of
boundary states at −ky would have the corners flipped.
(c) Schematic illustration of 2D model built from
Su-Schrieffer-Heeger chains parallel to xˆ stacked with
HN coupling along yˆ. (d) Probability density for
negative energy boundary modes for OBC in x, y when
g < 0 and g > 0. The plot for g < 0 has been manually
shifted upward by a weight of 10 for easier visibility.
end states of a Su-Schrieffer-Heeger (SSH) type chain[60].
We will now argue that such systems have the same sta-
bility properties as their corresponding weak topologi-
cal insulator counterparts, which are known to require a
combination of internal symmetries and translation sym-
metry for protection[55].
To illustrate this, we can stack QSH insulators using a
simple four-band model for the 2D TRI topological insu-
lator layer[61] having the Bloch Hamiltonian
H2DTI(k) = Asin(kx)Γ
1 +Asin(ky)Γ
2 +M(k)Γ0, (6)
where M(k) = M−B[2−cos(kx)−cos(kx)], Γ1 = σx⊗sz,
Γ2 = −σy ⊗ I, Γ0 = σz ⊗ I, and σi/si are Pauli matrices
acting on orbital/spin space. If we couple Nz layers using
the Hatano-Nelson coupling (c.f. Eq. 5) we will generate
an additional term H = (kz)I4×4 + H2DTI(k). Hence
the spectrum for this model is effectively two copies of
the stack of Chern-insulators we have already studied.
For g = 0 the system is a TRI weak topological insula-
tor with boundary states protected by time-reversal and
translation symmetry. For finite g the edge state spec-
tra will form winding loops in complex energy space as
in Fig. 2a,b. In this scenario an extensive number of
helical modes will manifest on the top/bottom depend-
ing on the sign of g. If we break translation symmetry in
the z-direction, while preserving time-reversal, then we
can dimerize the edge states and open a gap using a TRI
coupling since they are Z2 classified. This will give rise
to an even-odd effect where Nz being even/odd generi-
cally dictates zero/one stable helical edge state that will
be pushed to the top or bottom by the NH skin effect.
Hence, we find similar stability features to those of a 3D
weak topological insulator. We note that we can also in-
duce a bi-directional skin effect (see Fig. 4a) analogous to
Ref. 3, where we use a modified NH inter-layer coupling
to arrive at the Bloch Hamiltonian
Hbi(k) = 2t cos(kz)I4×4+2ig sin(kz)I2×2⊗sz+H2DTI(k).
(7)
This model has a skin effect where an extensive number
of edge states of one chirality appear on the top, while
the other chirality appear on the bottom, as shown in
Fig. 4b. The modified HN coupling breaks time-reversal
and mirror in the z-direction, but preserves the product.
We find that this effect survives even in the presence
of symmetry-preserving terms that couple the opposite
spin blocks, though the details of the spin content of the
helical skin states will change.
As a final realization of this effect let us consider a
system more closely related to experiment. We will fo-
cus on a hybrid 2D system where we stack 1D inversion-
symmetric SSH chains, and then couple them with the
HN coupling (see Fig. 4c). Both the NH skin effect[6–
11, 34–38] and the SSH chain[62–65] have been realized
in similar 1D metamaterial systems so their combina-
tion should be achievable in the near future. The Bloch
Hamiltonian for this 2D model is
H(k) = (ky)I2×2 + (m+ λ cos kx)σx + λ sin kxσy. (8)
We can exhibit the interesting phenomenology of this
model by tuning to the strongly dimerized limit m =
0, λ = 1. In periodic boundary conditions this model has
the spectrum E±(k) = (ky)± 1, which, for t, g 6= 0 is a
pair of complex energy ellipses that are Nx-fold degener-
ate. With open boundaries along x, and with t = g = 0,
there will be a pair of midgap modes on each SSH chain
at zero-energy, and completely localized on the end sites
of the chains. Turning on t, g exactly realizes the usual
1D HN chain for the subspace of end-states. Thus, we
expect the boundary modes to exhibit a skin effect in
the y-direction such that for a fully-open, square geom-
etry there will be an extensive number of corner modes
on two of the four corners of the square (see Fig. 4d).
This is an unusual feature that would be a smoking-gun
spectroscopoic signature for this hybrid topological skin
effect phenomenon.
In addition to our newly proposed physical phenom-
ena, we expect that the realization of our models may
lead to useful engineering applications. The 1D NH skin
effect has already been applied to create a funnel for
light[66], and our 2D system of coupled SSH chains could
be used as a combination of a signal splitter and a funnel
where light impinging upon the system would be split and
funneled along the two spatially separated edges. Addi-
tionally the extensive number of chiral modes associated
to the 3D quantum skin Hall effect system could be used
to enhance a topological laser[67, 68], or as a kind of chi-
ral funnel of light. The hybrid combination of topology
transverse to the skin effect opens up a wide design space
for new discoveries and applications.
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